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456 L. CooperMathematical Papyrus, we learn that Egyptian scribes had at their disposal a computa-
tional algorithm for finding the area of a circle of known diameter.1 The method of this
algorithm was to subtract a 1/9th part from a circle’s diameter, and then to multiply the
remaining length by itself — that is, to “square” 8/9ths of the diameter’s length. In modern
terms this would be written as: circle’s Area = (8/9  D)2. It is worth noting that the method
used by the scribes is both easy to remember and easy to implement. In addition, it provides
a remarkably accurate way in which to determine a circle’s area, with the answer that it
gives being too large by only about 3/5 of 1%.
Many theories have been advanced on how the scribes came to discover this approach.
For the moment, we will simply acknowledge that the discovery was a significant achieve-
ment, and that it indicates not only a strong desire to possess such a capability, but also the
sophistication and ingenuity to devise so workmanlike a procedure. It may therefore seem a
little surprising that these same extant mathematical texts do not include problems that
definitively reveal that the scribes had also developed a computational method by which
to determine the circumference of a circle of known diameter.
One might argue that there was not as great a need for a circumference algorithm, since it
was the computation of grain volumes housed in cylindrical structures that was apparently
of greatest importance at the time — and as we shall see, to do this all the scribe needed to
know was the height of the cylindrical granary and its diameter. However, for any artisan
or builder who is creating a circular construct, it can often be more helpful to know the
length of the arc one needs to fashion rather than the area of the circle that may be
involved.
To this can be added that fashioning a means by which to accurately compute circular
area is an inherently more complicated undertaking than arriving at an algorithm for find-
ing a circle’s circumference — since this latter is easily derivable from a simple empirical
measurement of a circle’s circumference relative to its diameter. Furthermore, the circum-
ference undertaking becomes even easier when one is using a measurement unit that is con-
venient to the situation at hand — and as it happens, precisely such a measurement unit was
indeed in constant use in ancient Egypt.
All of these particulars will be explored in more detail throughout the course of this
essay. For now, let us begin with a discussion of Problem 10 of the Moscow Mathematical
Papyrus.
2. Problem 10 of the Moscow Mathematical Papyrus (MMP 10)
Of all the problems in the extant ancient Egyptian mathematical papyri, it is Problem 10
of the Moscow Mathematical Papyrus that offers the strongest suggestion that the scribes
of the Middle Kingdom period (ca. 2119–1794 B.C.) had devised a procedure for computing
the circumference of a circle. Although there are differing interpretations regarding the
intended meaning of some of the terms that appear in MMP 10, there is fairly uniform
agreement regarding the specific individual steps that are taken by the problem’s central
computational regime.1 Although the writing of the Rhind Mathematical Papyrus has been dated to the Second
Intermediate Period (ca. 1794–1550 B.C.), much of the work in it is clearly based on earlier scribal
text material. The other two mathematical papyri to be considered in this essay date to the Middle
Kingdom period. See Imhausen [2003, 15] for a listing of known ancient Egyptian mathematical
papyri and their dates.
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10 put forward by Peet [1931a], Hoffmann [1996], and the present author [Cooper, 2010]. We
will start with the second of the two interpretations proposed by Peet [1931a, 103–106].
Due to damage to the papyrus, there is a word that is all but completely missing from the
problem’s sixth line. Peet [1931a, 105] proposed that this missing word was ipt, an ancient
Egyptian term at times used to denote a cylindrical grain container. He then reasoned that
the word nb.t, which appears in the problem’s first and fifth lines, would have been intended
to mean a “semicylinder.” His suggested translation of the problem was, therefore,
1. Example of working out a semicylinder (nb.t)
2. If they say to you a semicylinder (nb.t) of 4 1/2 in mouth (diameter)
3. by 4 1/2 in height (i.e., the proposed semicylinder’s length)
4. Let me know its surface area. You are to
5. Take a ninth of 9, since a semicylinder (nb.t)
6. is half of a cylinder (ipt); result 1
7. Take the remainder, namely 8
8. Take a ninth of 8
9. result 2/3 + 1/6 + 1/18. Take
10. the remainder of these 8 after subtracting
11. the 2/3 + 1/6 + 1/18; result 7 1/9
12. Reckon 7 1/9 4 1/2 times
13. Result 32. Behold, this is its (surface) area
14. You will find it correct.
Hoffmann’s interpretation of this problem closely followed that shown above, with the only
major difference being that he proposed that the nb.t term was likely intended to refer to a
semicylindrically shaped vaulted ceiling, such as are found in certain ancient Egyptian
tombs. The present author’s interpretation also accepted that the damaged word in line
6 was intended to be the word ipt, and so agreed that lines 5 through 11 essentially relate
to the computation of the circumference of a circular object.
If any one of these three interpretations is correct, this would then mean that lines 5
through 11 represent, in essence, the workings of an algorithm designed to computationally
determine the circumference of a circle of a given diameter. These interpretations propose
that since what is apparently being sought in this particular problem is only one-half of the
circumference, the calculations have the diameter being multiplied by a factor of 2, with the
clear implication that for a full circumference computation the diameter would need to be
multiplied by a factor of 4. The method implied by MMP 10 for a complete circumference
would therefore be
A. Multiply the length of the circle’s diameter by 4 (that is, find 4  D).
B. Find the 1/9 part of this 4  D amount and subtract it from 4  D (that is, find 8/9 of
4  D).
C. Find the 1/9 part from this new amount and subtract it (that is, find 8/9 of 8/9 of
4  D).22 Struve [1930, 168, 178] was perhaps the first to suggest such a half-circumference interpretation in
regard to MMP 10. Neugebauer [1934, 124] remarked that such would indeed seem to be the case if
Peet’s semicylinder interpretation of MMP 10 is accepted.
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81  D. For those who might wish a comparison in terms of p, one can rewrite 256/81 as
3 13/81, or as 3.1605. However, there is no written evidence that the scribes either thought
in terms of, or worked things out in terms of, the specific concept we call p.
It may be of benefit to reframe this discussion in terms of the supposition that if the
scribes had desired to compute the circumference of a circle whose diameter was equal
to 1 unit in length (D = 1), using both their unit fraction format and the algorithm proposed
as being in evidence in MMP 10, they could have determined the circle’s circumference by
calculating the eight-ninths part of the eight-ninths part of 4  1, and thus have arrived at a
unit-fraction answer of 3 + 1/9 + 1/27 + 1/81 — an answer which in a modern compound
fraction format is equivalent to 256/81.3
If the circumference algorithm given here is essentially what the scribe was attempting to
achieve in lines 5 through 11 of MMP 10, then it would seem that at least two significant
questions must follow. The first of these is to explain how the scribes were able to arrive at
this particular method; and the second, and perhaps even trickier question, is to explain
why the scribes chose to represent the underlying relationship of this algorithm in the spe-
cific way that, as is here being proposed, is evidenced in MMP 10. In an attempt to answer
these questions, we will enter into an examination of the area of a circle algorithm known to
have been in common scribal use, and include an examination of what can be reasonably
inferred from the specific process seen in this area algorithm.
3. Rhind Mathematical Papyrus (RMP) Problems 50 and 48
T. E. Peet [1923, 90] translated the first few lines of Problem 50 of the Rhind Mathemat-




involMethod of reckoning a circular piece of land of diameter 9 khet. What is its area in land?
You are to subtract one-ninth of it, namely 1; remainder 8. You are to multiply 8 eight
times; it becomes 64. This is its area in land.Here we have in action the scribe’s method for finding the area of a circle of any diameter.
(A khet was a unit of length equivalent to about 52.4 m.) A comparison of the wording of
RMP 50 with lines 5 through 11 of MMP 10 will show a clear similarity between the pro-
cesses being used in these two problems. The fact that the first procedural steps in both sit-
uations appear to require the subtraction of the 1/9th part of the circle’s diameter prompts
one to wonder whether there may have been a common thread that underlay these two dif-
ferent processes. A candidate for such a common thread is indeed hinted at in Problem 48
of the Rhind Mathematical Papyrus.
Problem 48 of the Rhind Mathematical Papyrus (RMP 48) is somewhat exceptional
within the Egyptian mathematical papyri in that it does not contain the usual written
instructions that explain to the student-scribe what it is he is supposed to do. All that
appears is a small diagram (Fig. 1) and two separate listings of calculations. Chace
[1927, 91] added to his translation of this problem what he felt the missing explanatory texthelpful comparison to this suggested calculation can be found in RMP 42, where the area of a
of diameter 10 is undertaken. See Imhausen [2003, 141–142, and 234]. Also see the calculations
by Gillings [1982, 147 and 198]. Although due to his unit-fraction system the scribe could not
“the eight-ninths part” as “8/9”, there is ample evidence that he well understood the concept
ved. Peet [1923, 16–20] addressed this issue at some length.
Figure 1. The sketch seen in Problem 48 of the Rhind Mathematical Papyrus. Note that the number
“9” written in hieratic by the scribe appears at the drawing’s center.
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including such instructions. Chace’s additions are here emphasized in bold type:
Compare the area of a circle and its circumscribing square.4 See C
for thesThe circle of diameter 9.lagett [1999, Footnote 64 on pp. 194–195], Imhau
e references and further discussion of this issue.The square of side 9.
1 8 setat n 1sen [2003, 72–73], and Im9 setat
2 16 “ 2 18 “
4 32 “ 4 36 “n 8 64 “ n 8 72 “
Total 81 “hausen [2007, 30These calculations, framed within the context of units of area (a setat being one square
khet), detail the ancient Egyptian method for multiplying the quantity of 8 by 8 (i.e., 8
squared), and also the quantity of 9 by 9 (i.e., 9 squared).
The scribe’s method was to have the number to be multiplied (here, 8) listed directly
opposite the number 1. In the next line down, each of these quantities is doubled — thus
supplying the “2” and the “16.” The next line below has a further doubling, yielding “4”
and “32”, and so on. Last, a hash-mark is made next to the lines which add up to the multi-
plier — in this case, since what is being sought is simply 8 times 8, only the “8” in the left-
hand column was ticked. The result of the multiplication is therefore 64 — arrived at by the
three sequential doublings that started with the number “8.” In the case of the multiplica-
tion of 9 times 9, both the “1” and the “8” are ticked, as these will add up to the number
“9.” The answer being sought is then the total of 9 plus 72, and hence 81.
What is seen in RMP 48 is the aforementioned drawing (see Fig. 1) and the separate mul-
tiplications in terms of areas of “8 times 8” and “9 times 9.” There is no reference in the
problem to the area of a circle algorithm — although it has been proposed that the drawing
in RMP 48 was intended to refer to the means by which the area-of-the-circle algorithm
was initially achieved. Some have argued that the lines drawn inside of the depicted square
reflect the intention of the scribe to have produced an eight-sided polygon, while others
have felt that the scribe was merely trying to draw a circle.4 Regardless which of these fig-
ures the scribe was in fact endeavoring to draw, there is broad general agreement that the
basic, if not underlying, message intended by the scribe in Problem 48 was to show that a
circle, when inscribed within a square, will have an area of 64 square units relative to the]
460 L. Coopersquare’s area of 81 square units.5 I propose that not only was this the main lesson intended
to be brought home by the inclusion of Problem 48 in the RMP teaching text, but that, in
addition, this problem may not have been meant to be seen as relating solely to the area of
the circle algorithm.
Gillings [1982, 145], in regard to RMP 48, accurately stated that “nowhere in this prob-
lem does the scribe give the direction ‘take away thou one-ninth of the diameter’, as he does
in the four other (RMP) Problems 41, 42, 43, and 50.” However, Gillings then went on to
add that this omission was because “this is where he (the scribe) is showing how he discov-
ered his now classical rule,” (i.e., the area-of-the-circle algorithm). Clagett [1999, 78]
objected, saying that Gillings’ statement is pure conjecture, commenting, “I hardly need
point out to the reader that, though the scribe may be hinting to the reader the nature
of his graphical solution... he is certainly not explicitly ‘showing how he discovered his
now classical rule.’” Imhausen [2003, 73] agreed with Clagett on this point, and as already
mentioned, it would appear that all that can be said with any certainty about RMP 48 is
that it is a demonstration of the fact that the area of a circle, when inscribed within a
square, is in the same relationship as the number 64 is to the number 81.
In consequence, it may be that we can justifiably come away from Problem 48 with two
related, yet somewhat separate, understandings of its intended import. The first of these is
that in order to calculate the area of a circle, one can create a square whose sides are equal
to 8/9 the length of the circle’s diameter (and hence whose sides are equal to 8/9 the length
of each side of the circle’s circumscribing square). The circle’s area will then be equivalent
to the area of this “8/9 diameter” square. This is indeed the process that is seen in Problems
41, 42, and 50 of the RMP.6 The second understanding in evidence in Problem 48, and as
already stated, is that the area of a circle will be in relationship to the area of that circle’s
circumscribing square as the number 64 is to the number 81.
It can of course be argued that this second point is merely saying the same thing as the
first statement, but in a different way. However, the second point’s subtle change of focus
allows one to proceed along a very different path in regard to circular calculations, a path
that may possibly have been a prominent reason not only behind the decision to include
Problem 48 in the RMP text in the first place, but also for the specific manner in which
it was presented.4. Deriving a circumference algorithm
In Fig. 2 we have a diagram that shows a circle inscribed within a square. Also added is
the inscribed circle’s horizontal diameter, and self-evident from this representation is that a
circle’s diameter (D) has exactly the same length as each of the sides (S) of its circumscrib-
ing square. Consequently, the perimeter length of this square will not only be equal to four5 Griffith [1894, 236] perhaps put it best, saying in regard to the RMP 48 diagram, “The figure
represents a circle within a square, and it compares the area of a circular field 9 khet in diameter with
that of a field 9 khet square.” Griffith specifically does not say that the figure was necessarily drawn
by the scribe to “be” a circle within a square, but that rather it was meant to “represent” a circle
drawn within a square — that is, whatever the actual intended shape of the inscribed figure, it was
there to stand in place of, denote, or otherwise symbolize a circle drawn within a square.
6 I leave out RMP 43 due to the fact that a different process was attempted in that problem to
calculate a granary’s capacity.
Figure 2. A circle and its circumscribing square.
Ancient Egyptian Scribal Circumference Algorithm 461times the length of any one its sides (4  S), but it will also be equal to four times the length
of the inscribed circle’s diameter (4  D).
If, as has been suggested here, Problem 48 of the RMP was in part intended to express
the general understanding that the area of a circle is to the area of its circumscribing square
as the number 64 is to the number 81, then it is not unreasonable to suppose that at some
point in time the scribes may have wondered whether the circumference of a circle and the
perimeter of its circumscribing square might not also be in this very same 64 to 81
relationship.7
Should this line of thinking have occurred, and then have been shown to be empirically
true (which it essentially is), the scribes’ next question would likely have been in what way
to proceed from this understanding in order to produce an algorithm that would allow the
calculation of a circle’s circumference in situations where the circle’s diameter length is
known. Operating from within the context of what is seen in the extant mathematical texts,
the supposition can justifiably be advanced that the scribes would have determined that
they had three different methods from which they could choose:
(A) The first possible method would have been to multiply the circumscribing square’s
perimeter length by 64 and then divide this finding by 81. Since the square’s perimeter
is equivalent to four times the inscribed circle’s diameter, this first method could be
restated in three steps as (1) multiply the length of the circle’s diameter by 4; then
(2) multiply this finding by 64; and (3) last, divide through by 81. This procedure is
quite similar to the approach used in RMP 66, where a 365-day rationing of a given
quantity of grain is to be calculated in ro — a quite small unit of grain. The RMP 66
algorithm first multiplies the initially given hekat quantity of grain by 320 ro, and then
divides by 365 days in order to produce the final answer in ro per day.87 Struve [1930, 177–179] asked this same question, but in reverse. He hypothesized that the 64:81
circumference to circumscribing square perimeter relationship may have been what had been found
first by the scribes, and that the area of a circle algorithm was then derived from this.
8 A hekat was a unit of grain equivalent to 320 ro. See, for instance, Clagett [1999, 171–172]. The
scribe of RMP 66 specifically mentions that the given process can be used in any similar
circumstance. It is interesting to note that since 320/365 = 64/73, the procedure of RMP 66 could
alternately have been given as to first multiply the hekat quantity by 64, and then divide by 73 to get
the rations of ro per day.
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step be to divide the number “64” by 81, a division that would have yielded the unit-
fraction sequence of 2/3 1/9 1/81.9 This finding would next then be multiplied by four
times the diameter (4  D), thus producing the final answer being sought. Although
this approach was certainly well within scribal capability, I am not aware of any extant
problems that follow a modality quite of this sort. As mentioned above, there are a
number of problems that involve the conversion of hekats into ro through the multi-
plication of the number of hekats by 320, and so it would seem there was an under-
standing on the part of the scribes that a numerical constant could be used as a
multiplier in an algorithmic step.
(C) A third possible method follows from the realization that 64 divided by 81 is equiva-
lent to 8  8 divided by 9  9, and that as a result, 64 divided by 81 can be seen as
being equivalent to the 8/9 part of the 8/9 part. Any suspicion by the scribes that this
was indeed the case could have been easily confirmed by performing the two individ-
ual divisions (i.e., the calculation 64  81 and the calculation 8/9 of 8/9) and then com-
paring these two computation results.10
Since we know from the area of a circle problems in the RMP that the method used to
find 8/9 of a quantity was to first compute the 1/9 part of the number and then subtract this
1/9 amount from the whole, for his circumference algorithm the scribe could have in essence
“multiplied” 4D by 64/81 via the mechanism of first subtracting a 1/9 part from 4D (to thus
create 8/9  4D) and then next subtracting a 1/9 part from the 8/9  4D amount, to yield
his final answer.11 Such a modality is not too different from that which is seen in RMP
67, where the scribe is essentially asked to show that two-thirds of one-third of 315 is equal
to 70 — which it is.129 The scribe would have termed this as, “call forth 64 from 81.” The 2/3 part of 81 is 54, 1/9 of 81 is
9, and 1/81 of 81 is 1. Since 54 + 9 + 1 = 64, the scribe would have found 2/3 1/9 1/81 for 64  81.
10 From RMP 42 and RMP 67 we know that the quantity we term “8/9” was represented in unit
fractions by the scribes as 2/3 1/6 1/18. Gillings [1982, 198] shows how the scribes would have
performed the division of 8 by 9.
11 This implies that the scribes would have been aware that (8  9  8  9)  4D leads to exactly
the same result as (8  9  4  D)  8  9. This truism could have been learned by simply
comparing these two sets of results with the result of (4  D  64)  81. It is an understanding that
is today termed the Associative Law for Multiplication. Gunn and Peet [1929, 182] noted that the
scribes made use of the Distributive Law for Multiplication. That is, they understood that
ax + bx = (a + b)x, an understanding that is seen in various accounting problems involving food
distribution. In a similar manner, the scribes would certainly have seen that, for instance, the total
amount resulting from 2 cups of grain being given to each of 10 men for 10 days was the same
regardless of whether one multiplied it as (2  10)  10, or as 2  (10  10).
12 The scribes operated in a unit fraction format, and so could not have worked this problem as
might be done today by using the compound fraction 2/9. Nor could the scribes directly use the
fraction 64/81 or 8/9 in their computations. Instead, they resorted to other means when relationships
such as these were required. However, as Peet [1931b, 414] pointed out, the scribes were able “to
conceive (in our sense). . . complementary fractions, i.e., those which are produced by subtracting an
aliquot part from unity, such as 4/5, 7/8, and 99/100.” To this list should also be added the fraction
2/3, which was the only non-unit fraction in frequent use. Peet, referencing Sethe [1916, 91–108],
added that there were other complementary fractions handled as well, such as “3/4, 4/5, and 5/6.”
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researchers as possibly being in evidence in Problem 10 of the Moscow Mathematical Papy-
rus.13 If one allows for the moment that this method was in fact being used by the MMP 10
scribe, then one must ask why this particular format had been chosen rather than, for
instance, the method used in RMP 66, and given above as Option A.
The answer may lie in the specific manner in which the area of a circle algorithm was
handled by the scribes. Rather than the method which he in fact did use in the area of a
circle problems, the scribe could have alternatively decided to
(1) first multiply the diameter length by itself (D2), and then multiply this amount by 2/3
1/9 1/81 (this being the unit faction result of dividing 64 by 81); or
(2) multiply the D2 amount by 64 and then divide through by 81.
He did neither. Instead, as we know, he chose to subtract a 1/9 part away from the diam-
eter and then multiply the remaining amount by itself (that is, to square 8/9  D).
It is possible that this latter route was chosen because it both graphically and visually
expresses the circle’s area in terms of a square, and not simply in terms of a numerical quan-
tity — that is, one finds 8/9 the length of the circle’s diameter and squares this, thereby cre-
ating a square using the 8/9 length as a side.14
In deciding on which form it would be best for a circumference algorithm to take, it may
therefore have been felt desirable to keep the workings of this latter procedure as close as
possible to the format used in the algorithm for circular area.
5. Related mathematical problems
There are other problems in the extant Egyptian mathematical papyri that share some of
the conceptual complexities inherent in what has been proposed here as a possible ancient
Egyptian circumference algorithm. A brief look at a number of these problems may be
instructive.5.1. Problems 41 and 42 of the RMP
These two problems concern the calculation of the volume of a cylindrical granary whose
diameter and height are both given. In each case, the area of a circle algorithm is used to
compute the area of the granary’s base, and this is then multiplied by the granary’s height
to obtain the sought-after volume. This part of the process is quite straightforward, with the
answer at first being given in terms of cubic cubits. However, the answer is next converted
into the number of khar, and from this into the number of hundreds of quadruple hekats,13 See Struve [1930, 178–179], Peet [1931a, 104–106], Hoffmann [1996, 24–25], and Cooper [2010, 25–
26]. Each of these proposals essentially includes an explanation that has the diameter in MMP 10
being multiplied by “2” instead of by “4” in order to yield one-half circumference.
14 In addition to the 9  9 unit square that is depicted in RMP 48, problems such as RMP 44 and 45
make it clear that the scribe understood well when dealing with areas that a measure of length
multiplied by itself would yield a square whose four sides were of the same length. See, for instance,
Peet [1923, 84–85].
464 L. Cooperthat would fill the identified cubic cubit volume.15 This particular conversion process has a
curious relevance to the above circumference algorithm.
A khar, at the time of the writing of the RMP, was a quantity of grain equal to 20 hekats,
while a cubic cubit was understood to hold 30 hekats of grain. This meant that to convert
cubic cubits into khar, one could multiply the number of cubic cubits by 30 hekats and then
divide the result by 20.
In addition, since a quadruple hekat was equal to 4 hekats, 100 quadruple hekats was
equal to 400 hekats.
Now, the conversion process seen in RMP 41 and 42 implies that if you have a volume
of “X” cubic cubits, you can add 1/2 of “X” to “X” and so convert your cubic cubits into
khar. A moment’s reflection will show that this was basically the scribe’s shorthand
method for multiplying his “X” number of cubic cubits by 30 hekats, and then dividing
by 20.
The final step in the conversion process (as is implied in RMP 41 and 42) was to then
divide this newly found number of khar by 20, and so arrive at a final answer in terms
of hundreds of quadruple hekats. This final step may seem a little bit confusing, so let us
look at these manipulations again.
The scribe’s conversion process could simply have been to multiply the given number of
cubic cubits by 30 hekats, and then divide through by 400, and thereby obtain his answer
directly in terms of hundreds of quadruple hekats. This method would follow along the
lines of the process seen in RMP 66, which was discussed earlier.
However, the algorithm used by the scribe took advantage of the fact that 400 equals
20 times 20, and as a result what is essentially happening here is that the number of
hekats is divided by “20” in the shorthand first step (via “1/2x + x” instead of
“30x  20”), and then divided again by “20” in the algorithm’s final step. This two-step
algorithmic approach bears a strong conceptual similarity to that seen in MMP 10 (as
detailed in Option C above) — and therefore to the method of the circumference algo-
rithm that is being proposed here.16 In the circumference algorithm, “82/92 of X” is in
essence being broken up into the two separate steps of “8/9” of “8/9 of X,” while in the
present case the “1/400 of 30X” is being broken up into the two separate steps of “1/20” of
“1/20 of 30X.” In both instances we see this choice of procedure apparently being made so
that the workings of an algorithm could be tailored to conform to a preferred operational
modality.5.2. Problem 43 of the RMP and Kahun Papyrus Fragment IV.3
There are two other problems in the surviving papyri of the period that involve the com-
putation of the capacity of a cylindrical granary. However, both of these use a notably15 Refer to Clagett [1999, 80–82,156–157] or Peet [1923, 80–82] for a more complete discussion of
these problems. Compare to Problems 44 and 45 of the RMP.
16 Spalinger [1990, 308, 320–321] noted that the quadruple-hekat unit appears to have come into use
at a later date than much of the original source material of the RMP exercises. As a result, the
procedure of the proposed circumference algorithm seen in MMP 10 should not be thought of as
following the conventions of the conversion process seen in RMP 41 and 42, but instead both would
appear to be adhering to a pre-existing underlying modality of approach that was at times preferred
by the scribes.
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the Kahun Papyrus Fragment IV.3 (ca. 2119–1794 B.C.), and the other is found in Problem
43 of the RMP.17
Due to the circumstance that the scribe made a confused error at the beginning of his
instructions in RMP 43, I will focus on the Kahun example, although both of these prob-
lems were clearly designed to follow the same basic procedure. The exercise in Kahun Papy-
rus IV.3, Columns 13–14, reveals that the scribes had an alternate method for finding the
capacity of a cylindrical granary. This method was to
(1) increase the diameter length of the granary’s base by 1/3rd — in modern terms:
4/3  D;
(2) multiply this new amount by itself — again, in modern terms: (4/3  D)2;
(3) multiply this last finding by 2/3 of the granary’s height — in modern terms
(16/9  D2)  2/3H, which is the same as 32/27  D2  H.
The answer given by this process is not in terms of cubic cubits, as is the case in the RMP 41
and 42 preconversion calculations. Instead, the answer is correctly understood as being
directly in terms of khar, the unit of grain then equivalent to 20 hekats.
How the scribes came up with this ingenious gem of an algorithm, we can only guess.
Whatever the derivation route, it reveals a remarkable willingness on their part to engage
in an extensive search for alternate methods by which to resolve their various computa-
tional goals. It also shows an interesting level of abstraction. Although the initial data
(diameter and height) are given in units of length, the computational result is not inter-
preted as being a spatial measure of volume, but rather as being a specific number of units
of grain (that is, of khar). This problem shows, as do a number of other problems in the
surviving papyri, that the scribes were able to allow a certain flexibility not only in the
way that numbers were handled, but also in what these numbers were, in the final analysis,
intended to represent.
Furthermore, the algorithm has a mnemonic simplicity to it. One first adds a 1/3 amount
to the diameter, and second one then uses a 2/3 amount of the height (which is the same as
subtracting a 1/3 amount from the height). It would certainly seem that this mnemonic was
a factor in the choice of procedure. For example, the scribes could have instead chosen to
first multiply the diameter by 32 and then divide by 27 (or alternatively, to multiply the
diameter by 64 and then divide by 54) — with this latter type of alternative process being
again similar to what is seen in RMP 66.5.3. Problem 14 of the Moscow Mathematical Papyrus (MMP 14)
This is perhaps the most well-known of all of the problems in the extant Egyptian
mathematical papyri. It presents an algorithm by which the scribe is to calculate the vol-
ume of a square-based truncated pyramid whose dimensions are known. The method
that is given not only leads to an accurate result, but it is essentially the same as the17 Refer to Imhausen and Ritter [2004, 85–87], Clagett [1999, 243–244 and 157–159], and Gillings
[1982, 148–151] for discussions of these problems.
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steps:
(1) find the area of the pyramid’s base by squaring the length of the base-side;
(2) multiply this side-length of the base by the side-length of the truncated pyramid’s top
surface;
(3) find the area of the top surface by squaring the length of its side;
(4) add together the findings of steps 1, 2 and 3; and lastly,
(5) multiply the tabulated result in step 4 by 1/3rd of the object’s height.
As mentioned, this is precisely the process given by the modern-day formula for the vol-
ume of a truncated pyramid, where V = (a2 + ab + b2)  h/3.
It is unknown how the scribes were able to derive this method, although many papers
have been written that offer possible solutions.19 All of these theories appear to require that
the bulk of the volume of the truncated structure would have needed to be — in one man-
ner or another — reconfigured into a number of rectangular and/or square shapes, in order
to allow a computation of the overall volume to be achieved.
As pointed out by van der Waerden [1961, 34–35], it is not sufficient to simply provide an
explanation for how the volume of a truncated pyramid could have been determined; one
must also plausibly explain how this determination led to the algorithm of MMP 14 then
being arranged into taking the specific steps that it does.20
The relevance of MMP 14 to the topic of the present paper is that here we again find
evidence of the ingenuity and diligence put forth by the scribes in their search for a suit-
able approach to solve a specific problem. As Gunn and Peet [1929, 180] remarked, the
ancient Egyptians made “every effort in their power” to arrive at the computational
modalities they deemed necessary. We also see in this problem the apparent scribal
ability, and willingness, to reconfigure a geometric shape in an attempt to learn if it
could be put into another form that could be more conveniently acted upon computa-
tionally. Each of these two attributes is indeed seen in the proposed circumference
algorithm.6. Architectural considerations
We have thus far been exploring lines of evidence that lend support to the proposition
that scribes of the Middle Kingdom period possessed the computational capability to deter-
mine the circumference of a circle of known diameter length. We now turn our attention to
other factors that may offer support for the existence of a closely related set of understand-
ings during this same period of time.18 Gunn and Peet [1929, 178] stated in regard to MMP 14 that the scribes “succeeded not merely in
determining the volume of a truncated pyramid, but in expressing this determination by a formula
which, while far from obvious, has the maximum elegance and simplicity, and which has not been
improved upon during four thousand years of mathematical progress.”
19 Imhausen [2003, 88–89] provides many of these references.
20 The solution presented by van der Waerden is currently the only explanation of which I am aware
that appears to address both of these issues simultaneously in a cohesive and compelling way.
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In his published definitive survey results for the Khufu Pyramid at Giza, W. M. F. Petrie
[1883, 183–184, 199–200] concluded that certain aspects of that pyramid’s dimensions
exhibited the same relationship as that of a circle’s circumference to its radius (and hence
to its diameter). One specific finding was that the ratio of the Khufu Pyramid’s height to its
base perimeter essentially squares the circle — that is, a circle drawn using the pyramid’s
height as its radius will have a circumference that is all but the same length as the pyramid’s
perimeter at its base.21
Petrie [1883, 199] added that he saw nothing to prevent one from accepting this finding as
being an intentional part of the original design. He reiterated this same belief a few years
later when he reported his survey results for the Medum Pyramid, noting that it too pro-
vided evidence of this relationship.22 Much later in life, Petrie confirmed his view regarding
the intentionality behind the height-to-base relationships of the Khufu and Medum pyra-
mids, stating, “we conclude therefore that the approximation of 7 to 22 as the ratio of dia-
meter to circumference was recognized.”23
Petrie also specifically mentioned that, as a result of other relative measurements he had
taken at the interior of the Khufu Pyramid, he thought it “probable that a closer approx-
imation (to Pi) than 7 to 22 was in use,” and that it was quite likely that in instances where
greater precision was required, the architects added “a small fractional correction” to the
“22.”24 In other words, even if one were to cast aside any possible circular significance to
the 7:22 correlations in the Khufu Pyramid, Petrie felt there would remain other salient fac-
tors in its design that still would point to knowledge of an even more precise understanding
of the diameter-to-circumference relationship.21 Petrie [1883, 183] spoke of this relationship in terms of the height of the pyramid being equal to
7  40 cubits while the “semi-circuit” of the pyramid’s base equals 22  40 cubits. Hence, the full
“circuit” of the pyramid’s base will be 44  40 cubits = 1760 cubits, while a circle drawn using the
pyramid’s height (280 cubits) will have a circumference almost exactly equal to this same 1760
cubits. Petrie preferred to speak of the 7:22 height-to-1/2 base perimeter (“semi-circuit”) finding as
being an approximation to p, stating that “to the Pi theory, the outside proportion of the Pyramid
exactly agrees” [1883, 199]. Since there is no specific indication of the p concept in the surviving
ancient Egyptian documents, it is perhaps best to avoid using representations in such terms. In the
context of these discussions it is important to note that the 7:44 height-to-full (base) perimeter
finding can alternatively be represented in terms of a height-to-half (base) side length relationship of
7:5 1/2, a ratio that is often given as 14:11. The Khufu Pyramid is dated to about 2560 B.C.
22 Petrie [1892, 6] here described the relationship as 7:44 — that is, as radius to full circumference.
The Medum (variously spelled Meidum or Meydum) Pyramid dates to about 2600 B.C.
23 Petrie [1940, 27–28] is here speaking in terms of diameter to circumference, and not radius to
circumference — hence the ratio is 7:22, instead of 7:44.
24 Petrie [1883, 183]. The full passage reads: “From other cases (in the Khufu Pyramid’s interior) of
the ratio of radius to circumference, it seems probable that a closer approximation than 7 to 22 was
in use; and it is quite likely that the formula applied for Pi was 22/7, with a small fractional
correction applied to the 22.” Petrie did not here mention what these “other cases” were, but later in
this same text [1883, 199] he provided a listing of pyramid interior dimension relationships that
“agree” with the “Pi theory.” In a much later publication, Petrie [1940, 30] specified that the precisely
measured King’s Chamber “agrees more nearly with the true ratio of the circle, than with the 7:44
approximation; and this suggests therefore that the Egyptians already knew that 7:44 was not
exact.”
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Shute [1990a, 77] argued that the “14 to 11” height to half base-side correlation identified
by Petrie is “no more than a mathematical coincidence,” and that it arises out of the con-
ventions of construction and slope computation techniques in use at the time.25 Also asked
has been the question of why the use of a 14 to 11 ratio in pyramid design should then have
been in vogue for only a relatively short segment of ancient Egypt’s long history.26
Although there clearly exists sufficient justification to question whether it was the direct
intent of the architects to incorporate a 7:22 diameter-to-circumference relationship into
the designs of certain early Egyptian pyramids (via the 14:11 ratio), the above objections
leave unexplored the more central issue of whether the 7:22 diameter-to-circumference rela-
tionship might have even been known at the time. As we shall see, the 7:22 phenomenon
reveals itself in another ancient Egyptian architectural setting which has a far more imme-
diate tie to a circular context than does pyramid design. Before considering these other find-
ings, however, it is necessary to first look a bit more closely at the royal cubit, the
measurement unit that was being used in ancient Egypt as “the principal building-unit from
the earliest times.”27
6.2. The royal cubit
The royal cubit consists of 7 palms of 4 fingers each, for a total of 28 fingers, and as Peet
[1923, 24] noted, the royal cubit is the cubit which appears in the problems of the Rhind
Mathematical Papyrus. The royal cubit measurement system would have made child’s play
of the discovery of the 7:22 diameter-to-circumference relationship of the circle. Using a
method similar to that proposed by Struve [1930, 177–178], if a cord or twine is marked
off into finger-length units, a circle whose diameter is equal to 28 of these units (that is,
equal to 1 royal cubit) will have a circumference that empirical measurement will show
to be all but exactly equal to 88 fingers in length. Legon [1990, 22] called such a finding
by the scribes “inevitable,” and so it would seem to have been. Hardly needing pointing
out is that with a palm equaling 4 fingers, the diameter-to-circumference ratio of 28:88 fin-
gers can also be stipulated as 7:22 palms.25 Robins and Shute [1985, 107–112], [1990a, 75–79], and [1990b, 43–46] felt that the use of the 14:11
(= 7:5 1/2) relationship in early pyramid design was for “constructional reasons, including stability”
[1985, 120]. Legon [1990, 15–20] and [1991, 25–29] questioned the strict accuracy and provability of
some of the evidence cited by Robins and Shute, and voiced questions regarding their claim that
pyramid design was driven by, and/or constrained by, the use of the seked system for establishing the
variously required rise-to-run relationships. Readers are referred to the cited papers for full details
of this debate. None of the issues raised by Robins and Shute, however, preclude the possibility that
the circular significance of the 14:11 relationship may have been known at the time in question. As
we shall shortly see, there is a line of evidence which supports there having been knowledge of
precisely this connection as early as the Third Dynasty (ca. 2650 B.C.). Again, and as has been noted
in Footnote 21, the 14:11 height to half-base ratio leads to a height to full-base perimeter ratio of
14:88, and hence to the ratio 7:44 — the same ratio as a circle’s radius to its circumference. Implicit
in these same numbers is therefore a diameter-to-circumference ratio of 7:22.
26 Rossi [2004, 226, 238] pointed out that the 14:11 exterior slope, although appearing in over 11
pyramids during the Old Kingdom period, was then abandoned by the time of the Middle Kingdom.
She provided listings [2004, 204, 222–223, 242–254] of more than 80 Old Kingdom and Middle
Kingdom pyramids, along with known details of each.
27 Griffith [1892, 405].
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simple a 28-to-88 diameter-to-circumference discovery via the royal cubit, but they then dis-
agreed with him that this could be why the 14:11 relationship appears in the design of cer-
tain pyramids. This distinction, while well taken, again fails to truly engage the issue of
whether or not the diameter-to-circumference relationship was in fact known at this time
by the scribes.
Findings which may have some bearing on this subject were presented by Rossi [2004,
114–115] in a discussion of a Twentieth Dynasty (ca. 1140 B.C.) builder’s design sketch
for an elliptical vault, and of an analysis of a much smaller, yet similar, diagram drawn
on an ostracon dated to the Third Dynasty (ca. 2650 B.C.).28
In the former, Daressy had concluded that the likeliest explanation for the particular dis-
crepancies seen in the sketch would be for there to have been a prototype ellipse originally
drawn on the ground by means of a loop of rope set around two staked pegs. Some form of
pointed scribing tool would then have been used to mark out the prototype on the ground,
thus allowing measurements of the resulting arc to be transferred to the wall surface where
the sketch was found. Rossi commented that “this must have been the same principle” used
in the process that led to the much earlier diagram seen on the Third Dynasty ostracon
described by Gunn.
The peg-and-cord method proposed by Daressy is entirely in context with the method
given above for the determination of a circle’s circumference. In addition, Gunn’s pre-
sentation of the Third Dynasty ostracon reveals that its diagram was apparently
intended to represent the upper 7/10 part of a circle’s upper right quadrant, and that
the diameter of the full circle had evidently been marked out into 10 equally spaced
one-cubit divisions, thereby implying use of a cubit-based grid system.29 Clarke and
Engelbach [1990, 52–56] added that the ostracon’s diagram may show “that a system
of drawing a curve by co-ordinates was understood” at the time in question. All of this
speaks to an ability and a desire on the part of the scribes (and skilled building project
craftsmen) to concern themselves with circumstances that are very much akin to, if not
actually more complex than, the circumference capabilities which have been proposed
here.
I refer again to the comments of Gunn and Peet [1929, 180] that the scribes would have
made “every effort in their power” to achieve computational goals that were deemed to be
of importance. The finding of a circumference algorithm would certainly appear to meet
this requirement, and given the dynamics of the royal cubit system, it becomes difficult
to imagine that a discovery along the lines given above would not have been made at a rel-
atively early date. However, if it was in fact not made as a result of this method, then there
is another set of circumstances that would have made this discovery perhaps even more
highly “inevitable”, and unavoidable.28 See Daressy [1907, 237–241] and Gunn [1926, 197–203].
29 Gunn’s text and Fig. 3 drawing [1926, 199–200] lead to the understanding that the circle’s radius
was 140 fingers long (i.e., 5 cubits), and that the baseline used for the sketch sat 42 fingers above the
circle’s diameter — with this diameter having a length of 280 fingers. The arc seen in Gunn’s Fig. 3
measures to be a very nearly perfect segment of a circle. Gunn specifically added that the arc “does
not appear to be part of an ellipse.” See also Daressy’s analysis [1927, 157–160].
Figure 3. A Temple T engaged column of 22 sides in full circle cross section.
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In his work, La Pyramide à Degrés, J. P. Lauer detailed the various forms of fluted col-
umns that he found in evidence at the Third Dynasty (ca. 2650 B.C.) Djoser Pyramid site.30
These are the earliest known examples of Egyptian fluted columns, and, as will be shown,
have potential bearing on the circumference issue.
Due to their manifest possible connection to the 7:22 discussion outlined above, we will
begin with the engaged columns found by Lauer [1936, 148–149] at the so-named Temple T,
a small temple that is part of the Heb-Sed assemblage of buildings located in the southeast
corner of the Djoser complex. The term “engaged” is used to describe a column that is not
completely free-standing, but is instead partly attached to a wall. Fig. 3 is adapted from
Lauer’s cross-sectional view of the Temple T columns in question.
Lauer noted that these columns have 16 vertical grooves, or flutes, that are showing on
their unattached portions, and that had the columns been completely free-standing, they
would each likely have had 22 flutes to a full 360 circumference. The columns were tapered,
being wider at their base than at their top, and were constructed by being built up in cir-
cular sections, termed drums.
To accomplish an accurate 22-side circular column, a possible method used would have
been to premark each drum in order to establish the arrangement of the equal-length facets.
To do this, a circle of the desired diameter could have been drawn on either the top or bot-
tom drum surface, with this then being used to assist in lining out the required number of
equivalent facets around the circle’s inside edge.3130 Lauer [1936]. I will here follow Phillips [2002, 6] in using the word column to indicate any manner
of polygonal pillar or pier.
31 With the engaged columns, a partial circle may have been used — although the spacings would
still have needed to have been worked out beforehand using a full circle of the same diameter.
Tangents to the outside of the circle’s circumference could also have been used, but then it would
have been necessary to assure that the midpoint of each facet was indeed at right angles to a line
from the circle’s center. By working inside of the circumference, each chord need only to have had
each of its ends meet the neighboring chord at the circle’s edge for all to be correctly adjusted — a
simpler and surer process. Lauer noted that the drums of these particular columns were each built up
of two, sometimes three, sections of stone.
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diameter circle, perhaps through a simple process of trial and error. Each drum would then
have had its sides carved to nearly the desired final form, with the final fluting, and final
tapering, occurring after the drums had been assembled in place.
Another possible scenario would have been to stack the drums in place after they had
been previously prepared to a square shape of nearly the desired size, with the final carving
then proceeded from this point using a series of templates to guide the accuracy of the exte-
rior shaping along the column’s length. Engelbach [1928, 151–152] believed that a system of
templates would likely have been necessary to aid in the accurate carving of tapered circular
columns.32 Arnold [1991, 46–47] noted that although there is no certain information to
explain how ancient Egyptian columns were sculpted, it would seem that a “full or other-
wise scaled model” would have had to have been used, at least in the case of tapered col-
umns. He added that when it came to producing decorated capitals for these columns “the
sculptor probably had models or model drawings . . . from which he could work.”
Some have suggested that polygonal columns were fashioned by simply “cutting off the
corners” from a square pillar in order to end up with an octagonal column, and repeating
this process, if desired, to form a 16-sided column.33 However, it is not clear how this
method by itself could have enjoyed a high rate of success without the use of some form
of template or measurement system for columns of more than eight sides, especially in sit-
uations where true accuracy was desired. One would think this to have been especially so in
the present case, where a 22-equivalent-facet arrangement was needed — an arrangement
that would not seem to lend itself easily to an iterative reduction process beginning from
either a square or an octagonal shape.
If it is assumed that some form of template or numerical measurement scheme was nec-
essary, regardless of whether the main sculpting of a column’s shape took place by working
from a horizontal or a vertical surface, it would then appear that whoever was creating this
template or numerical scheme would have needed to have been using some type of
approach not too far removed from the circle and chord method that has here been pro-
posed. The architect, or designer, would have needed a way in which to determine the length
of the facets relative to the column’s finished diameter length, and at some point, whether
though trial and error or through some other process, he would have been looking at a final
22-sided arrangement not unlike that seen in Fig. 4. Although the diagram shown here is of
a relatively small size, it should be clear that even at a much larger scale, a 22-equal-sided
polygon will provide a very close approximation to the true circumference of the circle.
Therefore, if the proposed process is more or less correct, then whoever it was that was
working on the initial design of the 22-sided construct — and whoever it was that then
made use of the necessary apparatus or measurement scheme — would have had before
him a perfect way in which to approximate the calculation of a circle’s circumference.
One could possibly excuse the craftsman who was marking out the facet lengths on the col-
umn for not noticing that in this particular instance the length of each of the 22 facets was
almost exactly equal to 1/7th the length of the column’s diameter, but it is extremely32 Engelbach [1928, 144] felt that the dressing of a column to a circular surface would be far more
difficult than that to a polygonal surface. Such is likely the case for those polygonal columns with
few sides, but may not have been the case for those with many sides. Also see Clarke and Engelbach
[1990, 148–149].
33 See, for instance, Phillips [2002, 6], Clarke and Engelbach [1990, 136–138], or Pratt [1880, 318–
319].
Figure 4. A 22-facet column in cross section.
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scheme for these columns could not have become aware of this fact.
If the diameter had been made equal to one cubit — and hence equal to 28 fingers — the
correlation would have been even more unavoidably obvious, since in this instance each of
the 22 facets would have been all but exactly 4 fingers long.34 This means that one would be
looking directly at a circumference approximation of 88 fingers for a circle whose diameter
is 28 fingers. As described previously, this is precisely the same approximation that one
would arrive at via the direct empirical measurement method associated with the royal
cubit.35 An implication of these 22-facet columns, then, is that there would have been an
understanding of a 28:88 diameter-to-circumference approximation as early as 2650 B.C.,
a date roughly seven to eight hundred years earlier than the earliest known Egyptian math-
ematical documents of the Middle Kingdom period.
Lauer [1936, 74–75] also documented engaged fluted columns at the facade of the North
Temple, situated on the Step Pyramid’s northern side. He noted that if these columns had
been freestanding, each would have had 20 flutes to a full circumference. He added that he
was able to accurately determine their base diameters, and found these to be 0.52 m, a diam-
eter length that is almost exactly equal to a royal cubit. Therefore, it is likely that when
being designed and constructed, the bases of these columns would have had an intended
diameter of 28 fingers, and with 20 facets lined out as chords along its circumference, each
facet could then have been easily measured to reveal a length of 4 3/8 fingers.
This amount, multiplied by 20, yields a circumference approximation of 87 1/2 fingers for
a 28-finger-diameter circle, and thus an approximation that is not quite as accurate as that
arrived at with the 22-facet example. This finding should be of no great surprise, since, as
can be visually grasped, the larger the number of equivalent facets, the closer the resulting
polygon will come to describing a true circle. A further point is that with the 20-facet
column, the length of each facet will not divide evenly, or conveniently, into a 28-finger34 We can today, of course, compute the chord of 22 trigonometrically by using twice the sine of the
angle of 360/44, and hence twice the sine of nearly 8110. With a diameter of 28 fingers (and
therefore a radius of 14 fingers), a 22-facet chord calculates in decimal notation to be 3.9855 fingers
long — a length that empirical measurement would see as being exactly 4 fingers.
35 Lauer [1936, 149] detailed a base diameter of 0.77 m for two of these columns, meaning that the
intended diameter at the base of these shafts may well have been 1 1/2 royal cubits — and hence
equal to 42 fingers. Each of the 22 facets in the design would then have been 6 fingers long at the base
level. The fluting, which was usually done to a shallow depth, would likely have been implemented
toward the end of the construction process for each column.
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fingers.
In addition, Lauer [1936, 137] documented engaged fluted columns that would have con-
tained 14, 16, and 18 flutes to their full circumference had they been freestanding columns.
Although none of these offer a whole integer facet length when a 28-finger diameter is
employed, the 16-facet fluted column is not without interest. This is due in part to the fact
that it later became a quite widely used freestanding column form, and in part to its inher-
ent numeric and geometric implications.36
6.4. Columns of 16 and 32 facets
A number of 16-sided freestanding columns were described by Newberry [1893, 20, 52–
53] in his documentation of the rock-cut tombs at Beni Hasan. We will consider the 16-
sided columns from Tomb 2, the tomb of Amenemhat, dating to about 1950 B.C. Newberry
reported that the largest of these columns has a diameter of 3 1/2 ft (equal to about 2 royal
cubits), and that their flutes have a width of 8 1/2 in. — or about 11 1/2 fingers. These col-
umns differ from the 16-sided columns at the Djoser Complex in that they are not only free-
standing, but also cut in place from the living rock as one solid unit. By what method could
these freestanding, cut in place (and hence allowing for almost no margin of error) columns
have been carved so that they could exhibit 16 equivalent faces?
In his discussion of the architecture of these tombs, G. W. Fraser [Newberry and Fraser,
1893, 75] observed that one of the columns found at Beni Hasan “shows us how the sixteen-
sided columns were worked up from the octagon stage.” Although Fraser does not elabo-
rate, it would seem that he believed that these columns were first cut in place to a square
shape, then the corners of the square were cut off by just the right amount to leave behind
an octagonal shape, and then a further cutting off of the corners was performed in order to
leave a sixteen-sided (hexadecagonal) shape (see references in Footnote 33). Given a poten-
tially different specific starting diameter for each initial square pillar, the question arises of
how the craftsmen knew exactly the right amount of stone to remove at each point in the
process as they shaped the column. The diagrammatic sequence shown in Fig. 5 reflects this
undertaking.
In Fig. 5, four equal-sized right triangles are removed from the corners of an initial
square to leave behind an equal-sided octagon. Following this, smaller non-right-angled tri-
angles are removed from each face of the octagon to then leave behind an equal-sided poly-
gon of 16 sides. However, the question remains unanswered of how the craftsmen were able
to implement the removal of the precise amount of stone from any given-sized square pillar
in order to successfully create the octagon, and then following this, to then successfully cre-
ate the accurately equal-sided hexadecagon.3736 Jequier [1924, 179–181] spoke of the gain in popularity of the 16-sided column during the Middle
Kingdom period, although “la division du cercle en 16 parties n’est plus constante.” For example, he
mentioned that frequently used was also a division into 24 facets. A 24-sided column having a 28-
finger diameter will have each facet all but equal to 3 2/3 fingers in length — offering a circumference
approximation of almost exactly 88 fingers.
37 Engelbach [1928, 144] suggested that dressing “a rectilinear block of stone accurately is largely a
matter of skill and patience.” While this is of course true, it does not negate the likelihood that
factoring into this skill was the use of either a template or a measurement scheme to help guide the
work when a polygonal column was being fashioned.
Figure 5. From square, to octagon, to hexadecagon.
474 L. CooperA diagram such as that seen in Fig. 5 could have been used to determine these specific
amounts empirically for each new given starting diameter length, but it may also be the case
that natural phenomena offered a simpler and more direct approach to addressing this
situation.
In Fig. 6 we see a circle divided first into 4 equal segments, then halved to make 8, and
then halved again to yield 16 equal segments. This arrangement is remarkably like that seen
in a number of decorative rosette designs found throughout the period (two such examples
are seen in Fig. 7).38 It is clear that this technique for the division of a circle easily allows for
the quick and accurate determination of the relative facet lengths of either an 8- or a 16-
sided column of any given diameter.
Regardless of the specific approach that was used, be it any of those that have been dis-
cussed here, or perhaps some other, the level of difficulty involved — and the repercussions
inherent in a botched undertaking — leads one to assume that the accurate carving of any
polygonal column with a large number of sides would not have been performed in an ad
hoc de novo manner. Prior to the actual carving, some form of attention would have needed
to be given to providing a mechanism for deciding precisely how much stone needed to be
removed — and from precisely where — at each step of the column-shaping process. As
stated before, if one accepts this premise, then the inference appears unavoidable that the
architect or scribe who was initially creating the template or measurement scheme would
have then had before him a drawing or construct that was essentially like that seen in either
Fig. 4, Fig. 5, or Fig. 6.38 Kantor [1999, 131–132] referenced a 12-rayed rosette from the Fifth Dynasty Tomb of Neuserre
(ca. 2400 B.C.), and a Fourth Dynasty [ca. 2600 B.C.) 8-rayed example from the diadem of Nofret
(shown in Fig. 7a). Although termed “rosettes”, she noted that it is not altogether certain to what
extent each particular example may have been intended to represent a specific flower, or to what
extent it may have been designed “to be a simple geometrical radiate motive.” Kantor added [1999,
134] that other rosettes from the First Intermediate Period, and those from an early Middle
Kingdom tomb, “must be considered simply as geometrical sectionings of circles.” This would
certainly seem to be true for the somewhat later Amarna examples (ca. 1340 B.C.) reported by Petrie
[1894, 29–30, Plate XVIII]. See especially those which Petrie numbers 416 and 419 (12 rays), 428 (16
rays), 434 (22 rays), 439 (24 rays), and 438 (32 rays). Also, the well-known celestial diagram
[Neugebauer and Parker, 1969, Plate 1] on the ceiling of the Tomb of Senmut (Tomb 353, ca. 1465
B.C.) includes 12 circles, each of which is carefully divided into a 24-ray pattern very much akin to
the example in Fig. 6 of the present essay.
Figure 6. The circle divided into 16 equal segments.
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square, or it may have been made to a preferred size, with for instance a 1-cubit diameter, in
the understanding that all lengths would remain proportional to a larger or smaller actual
starting-block diameter — and from this arrangement one could then calculate the desired
relative lengths in order to create a written measurement scheme.39 It is also likely, as was
mentioned earlier, that from such drawings some form of template, or set of templates, was
devised to be used to help guide the work through the various stages of shaping any par-
ticular-sized polygonal column.40
In regard to a 16-sided column, using simple trigonometry one can today find that
each of these 16 sides will be 0.19509 times the length of the circle’s diameter. This
means that for a 28-finger diameter, each of these facets could be approximated by a
length of 5 fingers + something a bit less than another 1/2 finger amount (or, to put
it in modern decimal units, as 5.4625 fingers). In terms of a hands-on measurement, this
small difference is significant enough to make it empirically apparent that a 5 1/2-finger
length facet is just barely a tiny bit too large as one replicates it as a chord around the
inside edge of a 28-finger-diameter circle. However, it is a very close fit, and so in prag-
matic terms if one did use the 5 1/2-finger length to arrive at a numeric rather than a
graphic circumference approximation, then an 88 finger circumference approximation
would be the computational result for a 16-sided column whose diameter is 28 fingers
(i.e., 5 1/2  16 = 88).4139 Peet [1931b, 417] noted that “Proportion plays a very large part in Egyptian mathematics, though
it is never explicitly formulated.” A conceptually similar situation to that suggested here appears in
RMP 40, where a series of numbers are all to be scaled upwards by a multiplication factor of 1 2/3.
Refer to Peet [1923, 78–79]. Rossi [2004, 115] cited ancient Egyptian implementation of proportion
through the seemingly implied use of right-angled similar triangles.
40 See Engelbach [1928, 151–152] and the references in Footnote 32 of the present essay. Arnold
[1991, 46–47] discussed the possible use of prototypes, full-scale drawings, or perhaps even smaller-
scale drawings, to aid in column construction. Although Rossi [2004, 111–113] stated that “no
precise scale drawings have survived,” she added that “the transmission of numerical data” may
have been “delegated to written instructions instead.”
41 Newberry [1893, 20] reported a “largest diameter” of 3 1/3 ft for the 16-sided columns in Tomb 2,
and a facet length of 8 1/2 in. He unfortunately did not include at what height these measurements
were taken. Fraser [Newberry and Fraser, 1893, 72] listed a facet length of slightly under 8 1/4 in. as
measured at the base of these same columns, but reported no column width. A facet length of
8 1/4 in. implies a column diameter at the point measured of 42 1/4 in., or about 2 royal cubits.
Wilkinson [1850, 34–35] mentioned a facet length of 8 1/2 in. for these columns.
Figure 7. An 8-ray and a 16-ray rosette from the archaeological record. The 8-ray rosette of (a)
appears in the headband associated with the statue of Nofret. See, for instance, Dunham [1946, 28].
For the 16-ray example of (b), refer to Petrie [1894, Plate XVIII, No. 428].
476 L. CooperThe 5 1/2-finger 16-sided facet approximation is not quite as accurate graphically (when
lined out as a chord) as the 4-finger 22-sided facet approximation discussed earlier. How-
ever, the 16-sided column may have enjoyed its period of popularity due to its ties with
the doubling and halving basis of Egyptian mathematics, along with the connection just
mentioned to the 28:88 diameter-to-circumference approximation.
Worth noting is that the design technique given in Fig. 6 also allows an easily produced
further halving to be implemented, with this further step leading to a 32-equal-sided poly-
gon. Dieter Arnold documented fragments from what was likely to have been a 32-sided
column associated with the Twelfth Dynasty (ca. 1950 B.C.) pyramid complex of Senwosret
I.42
A 32-sided column whose diameter is 28 fingers will have equivalent facets that are essen-
tially equal to 2 3/4 fingers in length.43 As a result, the circumference approximation in this
case will be 32  2 3/4 fingers, and so equal 88 fingers exactly. It is again obvious that the
greater the number of equivalent facets, the nearer the approximation will come to the
actual circumference of the circle. The manifest closeness of this latter circumference cor-
relation, along with its essentially exact 28:88 numerical correlation, would seem to have
created a situation whose implications would have been all but impossible for the architects
or scribes to have either missed or ignored.446.5. Architectural plans and drawings
The above presentation, while resting firmly on documented findings, makes admitted
use of both inference and extrapolation. In part, this is due to the situation that much of
what we have in the way of surviving architectural plans or drawings from the period in42 Arnold [1992, 23–24, Plate 17c]. These fragments were found in the early 12th Dynasty funerary
chapel of Princess Itakayet. No dimensions for this fluted column are given, although Arnold noted
that it was built up in drums. His Plate 17c shows the column in cross section.
43 Using modern methods we find that each facet in this instance will be 0.098 of the diameter, and
therefore equal to 2.744 fingers. As an empirical matter, even the most fastidious of scribes would
have understood his direct hands-on measurement of this length to have been 2 3/4 fingers.
44 It must be again stated that even if the Egyptian architects had been aware of the 7:22 diameter-
to-circumference relationship, this does not then explain its interpreted appearance in certain
Egyptian pyramid designs.
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that “the surviving evidence suggests that architectural working drawings were meant to
convey a general idea of the arrangement and proportions of the space,” and that “the
transmission of precise numerical data was delegated to written instructions.” What Rossi
refers to as “architectural working drawings” are then basically sketches that were given to
builders to serve as an accompaniment to the more specifically detailed information that
had been written out separately.
We do not now have these separately supplied “written instructions.” Nor do we have an
architect’s actual drawings to show us how he went about working things out in order to
arrive at this detailed written information. However, a lack of surviving documentation
should not be taken to mean that such detailed workings were not created. Rossi [2004,
111], bemoaning this lack of evidence, asked the rhetorical question of “whether we do jus-
tice to the ancient architect when we accuse him of having been careless” in his craft due to
the fact that “no precise drawings have survived.”46
Arnold [1991, 7–9] pointed out that there are numerous examples that show the ancient
Egyptian builders and craftsmen were skilled at working with grids. He then posed the
question of whether this meant that the Egyptians understood “the method of drawing
to a certain scale.” As we have seen from Gunn’s analysis [1926, 197–203] of the Third
Dynasty ostracon diagram presented earlier, there is evidence of the use of a cubit-based
grid system within the context of a geometric construct from as early as 2650 B.C. This find-
ing would seem to indicate that the use of a geometric approach was both a familiar and a
standard practice, leading one to reasonably infer that it would have also been employed at
the initial planning stages of various types of construction projects, where it would have
been a boon in providing inherently scaled relationships into which, and over which, a grid45 Rossi [2004, 101ff].
46 Kemp [1989, 138] has proposed that much of Egyptian architectural detail, “even in the case of
large temples,” was worked out on the spot through the “use of knotted ropes with an intuitive sense
of harmony and proportion.” The phrase, “intuitive sense,” would seem to have been defined by
Kemp a few sentences previous as meaning “everybody’s natural sense of proportion and harmony
which all of us have and use, for example in arranging furniture in our living-rooms.” There is no
doubt that this type of impromptu approach was used in certain kinds of construction situations,
but it would seem unlikely to have been used in all. In the context of these discussions, Kemp [1989,
112, 129–130] described an Egyptian society that was guided by a pervasive scribal bureaucracy of
“tidy minds” that was intent on maintaining a great “intensity of supervision” over “every minor
movement” and aspect of ancient Egyptian life. Given the level of detail with which the scribes are
shown in the surviving documents to have concerned themselves, it would seem contrary to the
cultural imperatives of the time to suppose that there was not then also a similarly extensive level of
attention given to the advanced planning for the total and specific design details of the more
important, and/or more resource rich, building projects. Accurate execution of such a detailed plan
in every aspect of construction would clearly have been another matter, as this could have been
hampered by any number of real world factors. The planning stage, however, required only the
“order (which) belonged to his (i.e., the scribe’s) inner mental world” [Kemp, 1989, 130].
478 L. Coopersystem could then be easily introduced.47 With such a capability available to those in the
building trade, it would indeed be surprising if it had not also been made use of during
the initial planning stages of construction.
We find no scaled drawings appearing in the extant mathematical papyri, but instead, the
drawings included in these texts were clearly intended to provide only a sketched graphical
idea of what a given problem was meant to be dealing with. Imhausen [2007, 30] remarked
that these drawings were not “technical drawings,” but were simply made “sufficiently
accurate to give an idea of the object” involved. In a footnote she added, “what we see
are techniques presented in a form suitable for teaching junior scribes, and not the research
notes of advanced scribes” (emphasis mine). This is, I believe, the main point to be made in
the present discussion. What we have in the extant architectural drawings, and in the extant
mathematical papyri, are by and large fringe materials, odds and ends that were never
intended to be true representations of the full depth of the existing technological knowledge
that was in existence at the time.48
Nevertheless, these documents provide us with our only “written” window into what was
clearly a fairly sophisticated technological knowledge base. It would seem reasonable to
presume, therefore, that at the time in question there did exist “the research notes of
advanced scribes,” upon which many wonderful things were not only conceived, but were
also constructed. Our difficulty today lies in the sad fact that these research notes are not at
our disposal.
7. Why two circumference algorithms?
If there had been a scribal understanding of the 7:22 diameter-to-circumference relation-
ship of a circle by the time of the Middle Kingdom, then a fair question to ask is why there
is no sign of this in the surviving mathematical papyri. Furthermore, if what is seen in Prob-
lem 10 of the Moscow Mathematical Papyrus is indeed the working of a circumference
algorithm, and if the scribes were also aware of the 7:22 connection at this time, then
why would the process seen in MMP 10 have been used rather than the 7:22 understanding?47 Arnold [1991, 9] apparently felt that if a scaled grid system was being used by the architects, then
we should find construction sites lined out “with such a grid of cubit squares,” a finding that has not
been made. However, it may be more likely that once a building’s perimeter markers had been
established, all that was then necessary was for the architect to be in possession of a scaled set of
plans, from which he could then distribute the required written and sketched information to his
building foremen and crews. The specifics of the corner guides identified by Petrie [1892, 11–13 and
Pl. VIII] at the 100  200 cubit rectangular Mastaba No. 17 at Medum (ca. 2600 B.C.) can be seen to
imply a geometric plan overlain with a three-dimensioned cubit-based grid, even though these corner
guides were not extended out along the entire structure. To this can be added the view that the seked
system used for describing slope in building construction was a modality that by definition
functioned within the context of a three-dimensioned cubit-based framework. It should also be
noted in this discussion that the use of a scaled grid system as an aid in tomb decoration is not
documented until the early Middle Kingdom period, when it replaced an earlier system of lines and
dots [see Williams, 1932, 10–11]. One must therefore consider that a scaled grid system was in use for
building design and construction purposes prior to its being employed as an aid in the laying out of
tomb paintings and reliefs.
48 On a related concern, A. H. Gardiner [1925, 63] remarked that the surviving remnants of ancient
Egyptian literature form “a mere collection of rags and tatters, and its adepts have long since grown
accustomed to be thankful for small mercies.”
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known, and so, of course, neither is to be seen in the extant papyri. However, given the
arguments presented thus far, there may be benefit in taking the position of devil’s advocate
in order to see what contextually plausible answers to these questions might look like.
One possible answer was discussed above in regard to the nature of ancient Egyptian
architectural plans, with this being that since so few papyri have survived, our insight into
the full scope of ancient Egyptian technological understandings is woefully incomplete.
There may in fact have been many papyri involving usage of the 7:22 relationship, but none
have survived.
A second answer may be that the 7:22 understanding was utilized in certain contexts, but
not in others. For instance, it may be that it was intended for use only in the laying out of
circular, or semicircular, architectural elements, and/or in an architect’s design-work of the
same. However, when it came time for the scribe to perform a calculation of the circumfer-
ence of this element, there was then a separate protocol that tradition (or other reasoning)
dictated was to be used, with this other protocol being the algorithm that is seen in Problem
10 of the Moscow Mathematical Papyrus.49 Such a duality of implementations should be of
no surprise, as there are other similar kinds of circumstances which can be cited.
One example of a tradition-based duality stems from the fact that there were two ways in
which the length of the year could be considered. In his discussion of RMP Problem 66,
Peet [1923, 110] pointed out that the year could be taken as being either 365 days long,
or 360 days long, depending on the specific context involved.50 Problem 66 concerned a
daily amount of rationed grain, and in that situation a 365-day year length was the number
needed. However, there were various temple-related contexts in which a 360-day length was
instead the arrangement desired.
In addition, there were two separate calendric systems in simultaneous usage. A lunar
calendar formed the traditional basis for determining the time at which many religious fes-
tivals and observances were to take place, while the 365-day “civil” calendar, a calendar
based directly on neither the sun nor the moon, functioned as “the main calendar of daily
life” for all other needs and purposes.51
In a different vein, one can point to the concept of the remen — a term that was used for
both linear and area measurements. As a linear measure, the remen could denote either a49 Jens Høyrup [2002, 362–363] suggested that there had been “two types of knowledge” systems in
place within the context of Old Babylonian mathematical achievement. He termed these
“practitioner’s knowledge” and “scholasticized knowledge,” with “practitioner’s knowledge”
stemming from an on-the-job “apprenticeship-based system” such as would be employed by
“surveyors” and “master builders.” “Scholasticized knowledge,” on the other hand, was the product
of a “scholasticized system” that imparted knowledge in an “institutionalized schools” teacher to
student setting. A similar sort of cultural dichotomy, or form of guild system, may have existed in
ancient Egypt. Arnold [1991, 13] made the observation that ”one has to remember that the ancient
Egyptians were provided with the experience of many generations of surveyors trained in the
irrigation of fields and in the surveying of channels and canals,” a statement perhaps in keeping with
the above.
50 Peet is here referring to texts written by a high official of the 12th Dynasty (ca. 1950 B.C.) in
which a “temple-day” was considered as being 1/360 of a year. See Gardiner [1957, 203] and Reisner
[1918, 84–85 and 94–95].
51 Depuydt [1997, 18–19, 49–50]. Depuydt [1997, 168] added that the lunar calendar would have
been “mainly limited to life in the temple. It was a calendar of priest-scholars.”
480 L. Cooper5-palm length, or a length of 50 cubits.52 As a measure of area it stood for an area of one
half a setat — the setat being a square field 100 cubits to a side.53 The connection between
these divergent linear and area meanings was explained by Griffith [1892, 417 and 1893,
301–302] as resulting from the fact that a square field whose sides were 100 remen in length
(and therefore 500 palms in length) would have an area that was understood as being one
half that of a square field whose sides were 100 cubits in length (and therefore 700 palms in
length). Griffith went on to say that although the area remen as determined in this way was
in reference to a square-shaped field, in practice it was thought of as, and was tallied as, a
rectangular-shaped field that was 50 cubits by 100 cubits (this being equivalent to 350 palms
by 700 palms), with this rectangular 1/2 setat being derived from the 100-remen (i.e., 500-
palm) square.54
Sethe [1916, 74–75] noted that the term remen had its origins in the word for “arm,” or
“upper arm,” with this then leading to a meaning of “side” and “half.” However, Galán
[1990, 161–164] pointed out that although the word gs was also used to indicate a half
amount, there was a “clear distinction” in the usage of the terms gs and remen by the
scribes. Galán observed that gs was preferred in abstract numerical situations such as mul-
tiplication tables, or in “steps to be followed” within mathematical calculations, while the
term remen was always used in regard to a spatial measure, either as the actual measure
itself, or as an indicator that a specified object or grouping contained one-half the capacity
of another.55
Following Griffith [1892, 418], we can conclude that the 1/2 setat was originally con-
ceived of as being square in shape. However, for reasons pertaining to a desire for more
consistent accuracy, or possibly in order to simplify the parceling of land, the area relation-
ship between remen and setat was instead handled in computational and tabulation con-
texts as a rectangular–half relationship, and not as a square.
The “remen square,” as such, is not referred to in the surviving mathematical papyri, but
the evidence points to its having played a role in certain measurement applications. The fact
that the 5-palm division on royal cubit rods continued to be marked with the remen desig-
nation provides a clear indication that the side-to-diagonal remen relationship (as discussed
above in Footnote 54) was in standard use for measurement purposes, even though the set
of numerical relationships that it offers was apparently not then also being used as an algo-
rithmic asset in the mathematical problem texts of the time.5652 Griffith [1893, 301–302].
53 Griffith [1892, 410, 417 and 1893, 301–302].
54 Griffith [1893, 302 and 1892, 417–418]. Griffith argued that the names of the 1/2 setat and 1/4
setat rectangle-shaped subdivisions were a carry-over from the names that were originally given to
the corresponding square-shaped area for each of these amounts, and not the other way around. He
also noted [1893, 301–302] that the remen of 5 palms is “the side of a square of which the royal cubit
is the diagonal.” Petrie [1883, 181] had earlier taken this connection a step further by pointing out
that the square whose sides are one royal cubit in length (i.e., 7 palms) could then be seen as having a
diagonal of two remen (i.e., 10 palms, or 40 fingers), and in the same way the two-remen square would
have a diagonal of two royal cubits, and so on.
55 Galán [1990, 163–164] succinctly concluded his paper with the remark that the remen “does not
refer to a numerical half, but to a spatial half.”
56 Scott [1942, 75] noted that although the extant cubit rods all date from later periods, “we may
infer that similar rods existed at an early period from the fact that Re and not Amun leads the
procession of gods whose names are inscribed along the tops of the rods.”
Ancient Egyptian Scribal Circumference Algorithm 481The presumed 28:88 (and so also the 7:22) diameter-to-circumference understanding
could clearly have arisen from the same kind of measurement-based approach pointed to
by the remen phenomenon. Seidenberg [1978, 301] spoke of there being “two great tradi-
tions, easily discernable, in the history of mathematics: the geometric or constructive,
and the algebraic or computational.”57 Perhaps what is seen in the case of the remen,
and possibly also with the 7:22 finding, is an ancient Egyptian technological approach that
had its origin in, and that was used solely within, precisely such a measurement-based, or
“geometric,” tradition.
8. Conclusions
The first part of this essay explored the means by which Egyptian scribes may have devel-
oped the circumference algorithm that has been proposed as being in evidence in Problem
10 of the Moscow Mathematical Papyrus. The method of this derivation arises from the
same 82-to-92 circle-to-square relationship that is central to the documented area of the cir-
cle algorithm known to have been in everyday scribal use. Further shown is that other exer-
cise texts from the Rhind Mathematical Papyrus and the Moscow Mathematical Papyrus
provide contextual support for the computational method followed by the proposed cir-
cumference algorithm.
A perhaps new perspective provided by the present analysis is that Problem 48 of the
Rhind Mathematical Papyrus allows for the interpretation that the 82-to-92 relationship
between a circle and its circumscribing square underlies not only the area of a circle algo-
rithm used by the ancient Egyptians, but also a conceptually related circumference of a cir-
cle algorithm — and that it may be for this reason that Problem 48 does not include any of
the workings of the area of a circle algorithm itself.
The second part of this essay presented findings that offer support for the assertion that,
at an early period, Egyptian scribes had gained an understanding of the 7-to-22 approxima-
tion for the relationship between a circle’s diameter and its circumference. Central to this
discussion has been an analysis of Old Kingdom and Middle Kingdom polygonal columns,
and the relevant inferences that can be drawn from these skilled achievements. While the
present discussions have reasoned that Egyptian architects were essentially working with
situations in which the 7:22 diameter-to-circumference relationship was directly in front
of them, it has been cautioned that awareness of this relationship does not then necessarily
explain, nor prove, the reasoning behind the appearance of related ratios in the design of
certain early Egyptian pyramids.
Last discussed have been several aspects of ancient Egyptian understandings that show
that, not unlike today, there were various traditions at play that provided separate modal-
ities for arriving at the same basic measurement goals. It is within this context that one can
see the possibility of there having been two separate traditions leading to the development
of two different methods for making a close approximation to the circumference of a circle
of known diameter length.57 The “two great traditions” of which Seidenberg speaks would seem to be of a piece with the “two
types of knowledge” systems discussed by Høyrup [2002, 362–363], and briefly described here earlier
in Footnote 49. In a previous essay on the subject, Høyrup [1994, 37] had gone so far as to speculate
that the Old Babylonian “architects and master builders” may have functioned in a separate
discipline that “belonged outside the scribal craft.” A similar situation may have also been the case
in ancient Egypt.
482 L. CooperIn response to questions about the gaps in the evidence for the above claims, one can do
little better than to refer to the caution given by John Baines [1990, 1] that it would be
wrong to assume that “the preserved record, with its possible intellectual or spiritual flaws
. . . gives an adequate picture of the range of ideas and concepts that existed, either among
(the illiterate) or in the elite.” Rather, as Clarke and Engelbach [1990, 46] put it, all too
often the student of ancient Egyptian achievement must “rely on deduction based on
observed fact.”
One cannot at the present time say with certainty that ancient Egyptian scribes and
architects did indeed possess all of the capabilities that have here been proposed. However,
what can be said with confidence is that the evidence currently at hand provides broad sup-
port for the suggestion that they did.
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